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INTRODUCTION
This paper is a continuation of ??. In ?? we have studied the equidistribution of bounded
sequences of special subvarieties in an arbitrary mixed Shimura variety. In this paper we prove
a lower bound formula for pure special subvarieties in a mixed Shimura variety, define the
notion of test invariant of a special subvariety which is not necessarily pure, and prove the
equidistribution of sequences of special subvarieties with bounded test invariants. Similar to
the pure case treated in [21], the lower bound estimation and the equidistribution are established
under the GRH for CM fields.
The main results of this paper are:
Theorem 0.1. Assume GRH for CM fields. Let M = MK(P, Y ) be a mixed Shimura variety,
with K ⊂ P(Qˆ) a compact open subgroup of fine product type, and E its reflex field. Fix an
integer N , Then for M ′ a pure special subvariety in M defined by (wG′w−1, wX ;wX+), we
have
#Gal(Q¯/E) ·M ′ ≥ cNDN(T)
∏
p∈∆(T,KG(w))
max{1, I(T, KG(w)p)}
where
• cN is some absolute constant, independent of K, M ′;
• T is the connected center of G′, DN(T) := (log(D(T)))N with D(T) the absolute
discriminant of the splitting field of T;
• KG(w) = {g ∈ KG : wgw
−1g−1 ∈ KW following the notations in [6], and∆(T, KG(w))
is the set of rational primes such that T(Qp)∩KG(w)p ( KmaxT,p , KmaxT,p being the max-
imal compact open subgroup of T(Qp);
• I(T, KG(w)p) = b · [K
max
T,p : T(Qp) ∩ KG(w)p] with b some absolute constant inde-
pendent of K, M ′.
For a general special subvariety M ′ ⊂ M which is not pure, we introduce the notion of test
invariants τM (M ′) as a substitute for the lower bound of Galois orbits, and we get
Theorem 0.2. Assume GRH for CM fields. Let M be a mixed Shimura variety defined by
(P, Y ) at some level K of fine product type. Let (Mn) be a sequence of special subvarieties in
M , such that the sequence of test invariants (τM (Mn)) is bounded. Then the sequence (Mn) is
bounded by some finite bounding set B in the sense of [6]. In particular, the Zariski closure of⋃
nMn is a finite union of special subvarieties bounded by B.
Note that [21] has formulated their main lower bound via the intersection degree against the
automorphic line bundle on pure Shimura varieties, which fits into the framework of [11]. We
do not need this step yet in this paper, and we stick to the counting of Galois orbits.
1. LOWER BOUND OF THE GALOIS ORBIT OF A SPECIAL SUBVARIETY
In the pure case, Ullmo and Yafaev proved the following lower bound of Galois orbits of
special subvarieties in a pure Shimura variety:
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Theorem 1.1 (lower bound in the pure case, cf. [21] Theorem 2.19). Let S = MK(G, X) be
a pure Shimura variety with reflex field E, with K ⊂ G(Qˆ) a level of product type. Assume
the GRH for CM fields, and fix an integer N > 0. Then for S ′ ⊂ S a T-special subvariety, we
have
#Gal(Q¯/E) · S ′ ≥ cN ·DN(T) ·
∏
p∈∆(T,K)
max{1, I(T, Kp)}
with
• DN(T) = (logD(T))
N
, where D(T) is the absolute discriminant of the splitting field
of the Q-torus T;
• ∆(T, K) is the set of rational primes p such that KT,p ( KmaxT,p , where
– KT,p = T(Qp) ∩Kp,
– Kmax
T,p the unique maximal compact open subgroup of T(Qp)
∆(T, K) is finite, i.e. KT,p = KmaxT,p for all but finitely many p’s.
• I(T, Kp) = b[K
max
T,p : KT,p]
• and cN , b ∈ R>0 are constants independent of K, T.
Remark 1.2 (dependence on levels). (1) The results in [21] was formulated for an ambient pure
Shimura variety MK(G, X) with G semi-simple of adjoint type. The Q-torus that appear as
the connected centers are compact. In our case, using the condition ??(e), and taking quotient
by the connected center C of G, we can reduce to the setting of [21], as the contribution of
Galois orbits from C can be removed when we pass from E to some number field splitting C.
(2) The estimation depends on an embedding of (G, X) into some ambient pure Shimura
datum (G,X), and a faithful algebraic representation ρ : G→ GLnQ.
The constants cN and b are independent of K. This was not mentioned explicitly in [21], but
one can verify through their arguments that cN and b are determined by (G,X) and ρ. cN does
depend on the prescribed integer N , but any fixed N will suffice.
(3) The quantity DN(T) is independent of K, while I(T, Kp) describe the position of T(Qˆ)
relative to Kp. Whether p lies in ∆(T, K) or not is closely related to the integral structure of T
at p, and is also related to the reduction property of the special subvarieties. See [10] and [22]
for details.
(4) The estimation in [21] was formulated using intersection degrees against the ample line
bundle of top degree automorphic forms on S = MK(G, X). Actually the intersection degree
of a single (connected) special subvariety only contributes as a real number greater than 1 in
the lower bound. The formulation is used in further study of unbounded orbits in [11].
We can thus consider the lower bound of the Galois orbits of pure special subvariety in a
given mixed Shimura variety.
Theorem 1.3 (orbit of a pure special subvariety). Let (P, Y ) = (U,V)⋊ (G, X) be a mixed
Shimura subdatum, defining a mixed Shimura varietyM at a level K of fine product type. Write
E for the reflex field of (P, Y ), and π for the natural projection M → S = MKG(G, X) wite
ι(0) the zero section.
Let M ′ be a pure special subvariety of M defined by a subdatum of the form (wG′w−1, wX ′)
for some pure subdatum (G′, X ′) ⊂ (G, X) andw ∈W(Q). Then we have the following lower
bound assuming the GRH for CM fields, using the same constants cN , b, and notations in 1.1:
Gal(Q¯/E) ·M ′ ≥ cNDN(T)
∏
p∈∆(T,KG(w))
max{1, I(T, KG(w)p)}
where
• T is the connected center of G′, and DN(T) = (logD(T))N ;
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• KG(w) is the subgroup
{g ∈ KG : wgw
−1g−1 ∈ KW}
and I(T, KG(w)p) = b[KmaxT,p : KT(w)p] with KT(w) = KG(w) ∩T(Qˆ) .
Before entering the proof, we first justify some notions in the statement of the theorem:
Lemma 1.4. In the statement ?? above, KG(w)p = G(Qp) ∩ KG(w) is a compact open
subgroup in KG,p, and the inclusion KG(w)p ⊂ KG,p is an equality for all but finitely many
rational primes p’s. In particular, the group KG(w) is a compact open subgroup in KG of fine
product type, i.e. KG(w) =
∏
pKG(w)p.
Proof. For all but finitely many p’s, we have w ∈W(Q) lies in KW,p and wgw−1g−1 ∈ KW,p
for g ∈ KG,p.
When w /∈ KW,p, write w = (u, v) for some u ∈ U(Q) and v ∈ V(Q), then by ?? we
have wn = (nu, nv) for any n ∈ Z, hence the subgroup K ′
W,p generated by w and KW,p is
compact and open, containing KW,p as a subgroup of finite index. KG,p stabilizes KW,p, hence
a compact open subgroup in KG,p of finite index stabilizes K ′W,p. 
The theorem is reduced to the following
Lemma 1.5 (reflex field). (P, Y ) = W⋊(G, X) has the same reflex field as (G, X) does, and
the action of Gal(Q¯/E) on MKw
G
(wGw−1, wX) is identified with its action on MKG(w)(G, X)
where Kw
G
:= wG(Qˆ)w−1 ∩KW ⋊KG.
Proof. From the definition of reflex fields [16] Chapter 11, we know that for a morphism of
mixed Shimura data (P, Y ) → (P′, Y ′) we have E(P, Y ) ⊃ E(G, X). Thus E(P, Y ) =
E(G, X) because we have the natural projection and the zero section. Conjugation by w ∈
W(Q) gives the isomorphism (G, X) ∼= (wGw−1, wX) as maximal pure subdata of (P, Y ). It
also induces an isomorphism of pure Shimura variatiesMKG(G, X) ∼= MwKGw−1(wGw−1, wX).
It is easy to verify that wKGw−1 ∩ KW ⋊ KG = wKG(w)w−1. Therefore when KG =
KG(w), the conjugation byw gives an isomorphismMK∩wG(Qˆ)w−1(wGw−1, wX) ∼= MKG(G, X).
In fact, the Hecke translateMwKw−1(P, Y ) ∼= MK(P, Y ) sends the zero sectionMwKGw−1(wGw−1, wX)
with respect to (P, Y ) = W ⋊ (wGw−1, wX) to the zero section MKG(G, X) with re-
spect to (P, Y ) = W ⋊ (G, X). In particular, for any pure subdatum (G′, X ′) of (G, X),
the special subvariety defined by (wG′w−1, wX ′;wX ′+) is isomorphic to the one defined by
(G′, X ′;X ′+), and the isomorphism respects the canonical models.
Hence the theorem holds trivially when KG = KG(w). When KG(w) ( KG, it suffices to
take a base change f : S ′ =MKG(w)(G, X)→ S = MKG(G, X) which is a morphism of pure
Shimura varieties defined over E(G, X). The base change is finite étale as we have taken KG
to be neat. It respects the special subvarieties of M = MK(P, Y ) and of MS′ as well as their
canonical models, hence the lemma. 
Before we take a closer look at the term I(T, KG(w)p), we introduce the following
Notation 1.6. For w = (u, v) ∈ W(Q), we have (u, v)n = (nu, nv), hence it makes sense to
talk about the order of w = (u, v) with respect to KW: it is the smalles positive integer m > 0
such that wm ∈ KW, i.e. mu ∈ KU and mv ∈ KV, which makes sense because u and v are
in U(Q) and V(Q) respectively. We can also talk about the p-order of w with respect to KW,
namely the integer m ∈ N such that wn ∈ KW,p if and only if pm divides n.
In the lower bound we have the set ∆(T, KG(w)) containing the subset δ(T, KG(w)) of
primes p such that KT,p ) KT(w)p. We want to show that for p ∈ δ(T, KG(w)), the inequality
[Kmax
T,p : KT(w)p] ≥ c · ordp(w,KW)
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holds for some absolute constant c independent of K,w,T. This is clear when T ∼= Gm acts on
U and V by scaling g(u, v) = (gu, gv) using the central cocharacters Gm → GLU and Gm →
GLV. In fact, for the action on U(Qp), KT,p is a compact open subgroup of Gm(Qp) = Qp
stabilizing KU,p, contained in the maximal compact open subgroup KmaxT,p ∼= Zp×, and KT(u)p
is the stabilizer of the class u moduloKU,p. Since the automorphism byKmaxT,p ∼= Zp× preserves
the torsion order in U(Qp)/KU,p and leaves the line Qpu stable, we see that
[Kmax
T,p : KT(u)p] ≥ (p− 1)p
m−1
because (p− 1)pm−1 is the number of elements of order pm in Qpu modulo KU,p. The case of
T acting on V is similar under our assumption T ∼= Gm, and it is obvious that
ordp(w,KW) = max{ordp(u,KU), ordp(v,KV)}
hence
[Kmax
T,p : KT(w)p] ≥ (1−
1
p
)ordp(w,KW) ≥
1
2
ordp(w,KW).
In general, the Q-torus does admit quotients isomorphic to split Q-tori:
Lemma 1.7 (split tori). Let (P, Y ) = (U,V)⋊ (G, X) be a mixed Shimura datum, with T the
connected center of G. Then for the actions of T on U and on V,
(1) there is a T-equivariant decomposition U = ⊕i=1,··· ,rUi such that T acts on Ui via the
central scalingGm → GLUi;
(2) there exists a T-equivariant decomposition V = ⊕j=1··· ,sVj such that in the representa-
tion T→ GLVj , the image of T contains the center of GLVj .
Proof. G and T being reductive, it suffices to consider the case when U and V are irreducible
as representations of G.
(1) This is clear because by [16] 2.16, G, hence T, acts on U through a split Q-torus, hence
the irreducible representation U is one-dimensional. Since U is of Hodge type (−1,−1), the
action of G, hence the action of T on it is through the central scaling.
(2) ρ : G → GLV is an irreducible representation of G, such that for any x ∈ X , the
composition ρ ◦ x is a rational Hodge structure of type {(−1, 0), (0,−1)}. It thus follows from
the definition of pure Shimura data [16] 1. ?.? that the Hodge structure is polarizable, namely
G preserves some polarization ψ : V × V → Q(−1) up to scalars, hence the representation
factors through the Siegel datum, i.e. (G, X)→ (GSpV,HV).
It suffices to show that the image G → GSpV contains the center of GSpV. If it does not
contains the center, then it is contained in Sp
V
= Ker(GSp
V
det
−→ Gm). The construction
in [21] ?.? shows that (SpV, X ′) is a pure Shimura subdatum of (GSpV,HV) with X ′ the
SpV(R)-orbit of the image of X in HV, which is ridiculous because x(S) /∈ SpV,R for any
x ∈ HV due to the R-torus GmR ⊂ S. 
We are thus led to
Proposition 1.8 (torsion order). For p ∈ δ(T, KG(w)) as above, we have [KmaxT,p : KT(w)p] ≥
cpordp(w,KW) for some constant c which is independent of K,w,T.
Proof. Since the number of irreducible representations in U (resp. in V) is uniformly bounded
by the dimension of U (resp. of V), we are reduced to the case when U and V are irreducible
under G′.
Thus U is one-dimensional, with T acts on it through the central scaling Gm ∼= GLU. It
suffices to show that for each prime p, the homomorphism T(Qp)→ Gm(Qp) sends KmaxT,p to a
compact open subgroup of Zp× whose index in Zp× is uniformly bounded.
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Recall that the splitting field F = FT is a number field, and [F : Q] is uniformly bounded
by some constant c1 that only depends on the dimension of G; in particular, we can rearrange
c1 ∈ N>0 such that for any connected center T of pure Shimura subdatum (G′, X ′) of (G, X),
[FT : Q] divides c1 and [FT(p) : Qp] divides c1 with FT(p) the splitting field of the Qp-torus
TQp .
Fix p a prime, F the splitting field of TQp over Qp. Write X for the group of characters
Hom(TF ,GmF ) with the natural action of Γ = Gal(F/Qp). Then T(F ) = Hom(X, F×), and
T(Qp) = HomΓ(X, F
×) is the Γ-fixed part of T(F ). The maximal compact open subgroup of
T(F ) isHom(XT, O×F ) withOF the integer ring ofF , and the norm mapNm : T(F )→ T(Qp)
sends Hom(X, O×F ) into the maximal compact open subgroup KmaxT,p of T(Qp).
From 1.7 we have homomorphism ofQ-tori T→ Gmd, where Gmd is a Q-subtorus in GLU
(or GLV) that acts as central scaling on direct summands of U (or on V). The condition on
Hodge types show that for the corresponding map of characters Zd → X, the image of Zd is of
index at most 2 in a direct summand of X on which Γ acts trivially.
Now consider the commutative diagram
Hom(X, O×F )
Nm

// Hom(Zd, O×F )
Nm

Kmax
T,p
// Hom(Zd,Zp
×)
where the horizontal maps are induced from the norm Nm : F× → Qp×, the horizontal maps
are induced by T → Gmd, and the image of the upper horizontal map is of index at most 2d.
Since the degree [Zp× : Nm(O×F )] ≤ [F : Qp] by local class field theory, we see that the image
of the lower horizontal map Kmax
T,p → Hom(Z
r,Zp
×) is of finite index, and the index is bounded
by a constant that only depends on c1 and the dimension of T. 
We summarize the above computation into the following
Corollary 1.9 (unipotent defects). There is some constant c, independent of c,K, w, such
that in the expression I(T, KG(w)p) in 1.3, we have I(T, KG(w)p) ≥ cpordp(w,KW) for p ∈
δ(T, KG(w)).
For p ∈ ∆(T, KG(w)) such that KmaxT,p ) KT,p = KT(w)p, we still have I(T, KG(w)p) ≥
cp by [21] ?.? .
As we have mentioned in ??, for a subdatum (P′, Y ′) = W′ ⋊ (wG′w−1, wX ′), the choice
of w is unique up to translation by W′(Q). In this case, we have:
Corollary 1.10. Let M ′ be a special subvariety defined by a subdatum (P′, Y ′; Y ′+) = W′ ⋊
(wG′w−1, wX ′;wX ′+). Then the inferium
inf
w′∈W′(Q)w
∏
p∈∆(T,KG(w))
max{1, bI(T, KG(w)p)}
is reached at some w′ ∈W′(Q)w.
Proof. We first note that the representation of T on V (resp. on U) does not admit any trivial
subrepresentation. Otherwise we have some Q-subspace V′ ⊂ V stabilized by T and by G′der
because they commute with each other, hence
Write w = (u, v) and w′ = (u′, v′)(u, v) = (u+ u′ + ψ(v′, v), v′ + v) for (u′, v′) ∈W′(Q),
and ordp(u′, KU) resp. ordp(v′, KV) for the p-order of u′ with respect to KU resp. of v′ with
respect to KV.
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We have I(T, KG(w′)p) ≥ cpm with m = max{ordp(u′, ordp(u′, KU)), ordp(v′, KV)} for
p ∈ δ(T, KG(w)). KT,p is a compact open subgroup of T(Qp) stabilizing KU,p and KV, p,
hence KT(w′)p ( KT,p when either ordp(u′, KU) or ordp(v′, KV) are large. Combining with
the estimation in 1.9, we see that the inferium is reached for some w′ such that ordp(w′, KW)
is small. 
For convenience we introduce the following:
Definition 1.11. Let M be a mixed Shimura variety defined by (P, Y ) = W ⋊ (G, X) at
some level K of fine product type. For M ′ a special subvariety defined by (P′, Y ′; Y ′+) =
W
′ ⋊ (wG′w−1, wX ′;wX ′+), we define the test invariant of M ′ in M to be
τM(M
′) := D(T) min
w′∈W′(Q)w
∏
p∈∆(T,KG(w))
max{1, b · I(T, KG(w)p)}
where T is the connected center of G′, D(T) is the absolute discriminant of the splitting field
of T, and the minimum makes sense by the corollary above.
It is actually independent of the choice of subdata defining M ′: by ??, if we pass to a second
defining subdatum (P′′, Y ′′; Y ′′+), then its image under the natural projection is a pure subda-
tum (G′′, X ′′;X ′′+) of (G, X ;X+) with G′′ = γG′γ−1 for some γ ∈ ΓG, and its connected
center is γTγ−1, hence the absolute discriminant remains unchanged; the element w could
be replaced by a ΓW-translation, which again leaves the set ∆(T, KG(w)) and the quantities
I(T, KG(w)p) unchanged.
In particular, when M ′ is a pure special subvariety, then it is defined by some pure subdatum
(wG′w−1, wX ′;wX ′+) with w unique up to translation by ΓW. Different choices of w gives
the same value of the test invariant, and we remove the minimum in this case.
We can thus transform the bounded equidistribution in Section 3 into:
Proposition 1.12 (bounded test invariants). Assume GRH for CM fields. Let M be a mixed
Shimura variety defined by (P, Y ) = W ⋊ (G, X) at some level K of fine product type, with
E its reflex field. Then a sequence (Mn) of special subvarieties is bounded in the sense of ??
if and only if its sequence of associated sequence of test invariants (τM(Mn)) is bounded, i.e.
t(Mn) ≤ C for all n with C ∈ R>0 some constant.
Proof. When the sequence is bounded by some B = {(T1, w1), · · · , (Tr, wr)} then only
finitely many values appear as test invariants of the sequence.
Conversely, assume that we are given a sequence of special subvarieties with test invari-
ants uniformly bounded by some C > 0. The natural projection M = MK(P, Y ) → S =
MKG(G, X) sends (Mn) to a sequence of pure special subvarieties (Sn) in S. If Mn is
(Tn, wn)-special, defined by some subdatum (Pn, Yn; Y +n ) = Wn⋊(wnGnw−1n , wnXn;wnX+n )
with Tn the connected center of Gn and wn chosen so that the minimum in the definition of
test invariants of Mn is reached at wn.
Then Sn is a Tn-special subvariety of S. From the definition of test invariants we have
τS(Sn) ≤ τM(Mn) because the two invariants involve the same Q-torus Tn, and for the sets
of primes of defects we have ∆(Tn, KG) ⊂ ∆(Tn, KG(wn)). Now that (Sn) is a sequence
with bounded test invariants, we may apply [21] ?.? under GRH for CM fields, which implies
the existence of a finite set of Q-tori {C1, · · · ,Cr} in G such that each Sn is Ci-special for
some i (and it is clear that Tn is conjugate to Ci by some γn ∈ ΓG). We may thus assume that
{Tn : n ∈ N} = {C1, · · · ,Cr}.
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Therefore only finitely many values arise as D(Tn) in the test invariants τM(Mn), and by
the assumption we see that the sequence
∏
p∈∆(Tn,KG(wn))
I(Tn, KG(wn)p)
is also uniformly bounded, hence by 1.8 and ?? the classes of wn’s modulo ΓW is finite, which
means that the sequence (Mn) is bounded. 
2. BOUNDED SEQUENCE AND BOUNDED GALOIS ORBITS
Let M be a mixed Shimura variety defined by (P, Y ; Y +) = W ⋊ (G, X) at level K =
KW ⋊KG. If M ′ is a special subvariety defined by (P′, Y ′; Y ′+) = W′ ⋊ (G′X ′;X ′+), then
it contains the maximal special subvariety S ′ defined by (G′, X ′;X ′+), which is a section to
the natural projection M ′ → S ′ ⊂ S, and they have the same field of definition. In particular,
the Galois conjugates of M ′ are in natural bijection with those of S ′, and in this case we have
τM(M
′) = τS(S
′), as M ′ is (T, 0)-special, T being the connected center of G′.
In general we do not have an explicit way to describe the Galois conjugates of M ′ defined
by (P′, Y ′; Y ′+) = W′ ⋊ (wG′w−1, wX ′;wX ′+) by the conjugates of some maximal pure
special subvariety of it, unless we know a priori that KG = KG(w). To remedy this we have
the following two potential estimate:
Proposition 2.1. Assume GRH for CM fields. Let M be a mixed Shimura variety defined
by (P, Y ) = W ⋊ (G, X) at some level K = KW ⋊ KG of fine product type, with E its
reflex field. Let (Mn) be a sequence of special subvarieties defined by (Pn, Yn; Y +n ) = Wn ⋊
(wnGnw
−1
n , wnXn;wnX
+
n ). If the sequence of test invariants (τM(Mn)) is bounded, then there
exists some compact open subgroup K ′
G
⊂ KG of fine product type such that when we pass
to M ′ = MK ′(P, Y ) for the level K ′ = KW ⋊ K ′G, the sequence (M ′n) with M ′n defined by
(Pn, Yn; Y
+
n ) is of bounded Galois orbits, satisfying
#Gal(Q¯/E) ·M ′n ≥ cNDN (Tn)
∏
p∈∆(Tn,K ′G(w
′
n))
max{1, I(Tn, K
′
G
(w′n)p)
where Tn is the connected center of Gn and w′n ∈Wn(Q)wn.
Proof. By 1.12, the sequence (Mn) is bounded, namely we can choose the defining subdata to
be (Pn, Yn; Y +n ) = Wn ⋊ (wnGnw−1n , wnXn;wnX+n ), which are bounded by some finite set
B = {(Tα, wα) : α ∈ A}: Gn is of connected center Tα and wn = wα for some α ∈ A
depending on n.
We thus takeK ′
G
=
⋂
α∈AKG(wα), and consider the mixed Shimura varietyM ′ = MK ′(P, Y )
with K ′ = KW ⋊K ′G. Now that K ′G = K ′G(wα) for all α ∈ A, we have
KW ⋊K
′
G
= wα(KW ⋊K
′
G
)w−1α = KW ⋊ wαK
′
G
w−1α , ∀α ∈ A
and K ′ ∩ wαGw−1α (Qˆ) = wαK ′Gw−1α , ∀α ∈ A. In particular, the natural projection π : M ′ =
MK ′(P, Y ) → S
′ = MK ′
G
(G, X) has more pure sections than the one given by (G, X) →֒
(P, Y ): for each α ∈ A we have (G, X) ∼= (wαGw−1α , wαX) ⊂ (P, Y ), and the pure section
it defines is
S ′(wα) := MwαK ′Gwα(wαGwα, wαX) →֒ M
′
which is isomorphic to S ′(0) := S ′ using the Hecke translate by wα, i.e. M ′ →M ′, [x, aK ′] 7→
[x, awαK
′] because wαK ′w−1α = K ′.
Therefore the Galois conjugates of pure special subvarieties in S ′(0) and in S ′(wα) are the
same using the Hecke translate, and the Galois orbits of M ′n is in bijection with the conjugates
of its pure section M ′n ∩ S ′(wα), as long as the original Mn is (Tα, wα)-special. 
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The propositions above justify our use of test invariants as a substitute of the lower bound
for the Galois orbit of a general special subvariety: it is ”potentially” the correct one when we
work with any bounded sequence of special subvarieties.
We also mention the following fact, as a complement to the notion of bounded sequences:
Lemma 2.2 (upper bound). Let M be a mixed Shimura variety defined by (P, Y ) = W ⋊
(G, X) with reflex field E at some level K = KW ⋊ KG of fine product type. Let M ′ be a
(T, w)-special subvariety of M . Then we have an upper bound
#Gal(Q¯/E) ·M ′ ≤ c0 · C(T, KG)ord(w,KW)
d
where
• c0 > 0 is some constant that only depends on dimG;
• C(T, KG) is the class number #T(Qˆ)/T(Q)KT;
• ord(w,KW) is the order of the class w in the sense of , and d is the square of the
dimension of W.
In particular, a sequence of special subvarieties bounded by some finite set B = {(T, w)} is
of uniformly bounded Galois orbits.
Proof. We first consider the case when w = 0, which is the same as the case of a T-special
pure subvariety S ′ in a given pure Shimura variety S = MK(G, X). It suffices to consider
the Gal(Q¯/E ′)-orbit of S ′ in S, with E ′ the reflex field of the subdatum defining S ′, because
[E ′ : E] is bounded by some constant that only depends on dimG.
The size of Gal(Q¯/E ′) · S ′ is the size of the image of the reciprocity map describing
the Galois action permuting connected components rec(G′,X′) : Gal(Q¯/E ′) → π◦(G′)/KG′ ,
which is reduced , up to some absolute constant that only depends on dimG, to the image of
recN(G′,X′) : Gal(Q¯/E
′) → T(Qˆ)/T(Q)KT, a 7→ (rec(G′,X′)(a))
N
, N ∈ N being some abso-
lute constant. Hence the image is bounded by the class number T(Qˆ)/T(Q)KT up to some
constant c0 that only depends on dimG.
When w 6= 0, it suffices to shrink KG to KG(w) and replace C(T, KG) by C(T, KG(w)).
But
[KT : KT(w)] ≤ [KG : KG(w)] ≤ #(Aut(KU[w]/KU)×Aut(KV[w]/KV))
which is bounded by ord(w,KW)d as is desired. 
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